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Abstract
Let P be a Sylow p-subgroup and b(G) the largest irreducible character degree of a finite group G.
It is shown that
√|P/Op(G)| < b(G) in general and |P/Op(G)| b(G) in case P is abelian.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let P be a Sylow p-subgroup and b(G) the largest irreducible character degree of a
finite group G. It is known that if G is solvable, then |P/Op(G)|1/2 < b(G) (for example,
this is an immediate corollary of [6, Theorem A]). Our first result shows that the above
inequality holds for any finite group G.
Theorem 1.1. Let P be a Sylow p-subgroup of a finite group G. Then |P/Op(G)|1/2 <
b(G).
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166 G. Qian, W. Shi / Journal of Algebra 277 (2004) 165–171For the case when P is abelian, [7, Theorems 2 and 1] state that if G is either p-solvable
or |P/Op(G)| p2, then |P/Op(G)| b(G) (some more special cases can be found in
[1] and [5, Chapter 12]). Our another result shows that |P/Op(G)| b(G) is true for any
abelian Sylow subgroup P of any finite group G.
Theorem 1.2. Let P be an abelian Sylow p-subgroup of a finite group G. Then
|P/Op(G)| b(G).
Note that if H is a subgroup or a quotient group of a group G, then clearly b(H) cannot
exceed b(G). To prove our theorems, one of main steps is to investigate the automorphism
groups of finite simple groups G.
2. Lemmas
We begin with some elementary facts about positive integers. For a positive integer m
and a prime p, mp denotes the p-part of m.
Lemma 2.1. For any positive integers n,m and primes p,q , the following statements hold:
(1) If qm = pn + 1, then either p = 2, m = 1, and q is a Fermat prime; q = 2, n = 1, and
p is a Mersenne prime; or pn = 8, qm = 9.
(2) (n!)p < pn/(p−1).
Proof. These facts are standard and easy to be verified. 
Lemma 2.2. For an positive integer r and a prime p, the following statements hold:
(1) Let m(t) = (rt − 1)(rt−1 − 1)(rt−2 − 1) for an integer t  3 and m =∏ni=1(ri − 1).
Then (m(t))p < rt+3 and mp < rn(n+9)/6.
(2) Let m(t) = (rt − (−1)t )(rt−1 − (−1)t−1)(rt−2 − (−1)t−2) for an integer t  4 and
m =∏ni=2(ri − (−1)i). Then (m(t))p < rt+3 and mp < rn(n+9)/6.
Proof. (1) Note that both (rt −1, rt−1 −1) and (rt−1 −1, rt−2 −1) divide r −1, also that
(rt − 1, rt−2 − 1) divides r2 − 1. It follows that (m(t))p  (rt − 1)(r − 1)(r2 − 1) < rt+3.
Let n = 3k + j for some j ∈ {0,1,2}. Set m(0) =∏ji=1(ri − 1) if j > 0 and m(0) = 1 if
j = 0. We have
mp =
(
m(0)
)
p
k−1∏
i=0
(
m(n−3i)
)
p
<
(
m(0)
)
p
r
∑k−1
i=0 (n−3i+3) = (m(0))
p
rk(2n−3k+9)/2.
If j = 0, then (mp) < rk(2n−3k+9)/2 = rn(n+9)/6. If j = 1,2, we also get that mp <
rn(n+9)/6.
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both min{ap, bp} and min{bp, cp} divide r + 1 and min{ap, cp} divides r2 − 1, we see that
(m(t))p max{ap, bp, cp}(r +1)(r2 −1). If max{ap, bp, cp} = a, then max{ap, bp, cp}
a/2 and hence (m(t))p  (rt + 1)(r + 1)(r2 − 1)/2 < rt+3. If max{ap, bp, cp} = a, then
rt + 1 = pe . Since t > 4, we have r = 2 and rt + 1 = p, and so (m(t))p < rt+3.
For even t  4 and m(t) = (rt − 1)(rt−1 + 1)(rt−2 − 1), we can also obtain that
(m(t))p < r
t+3
. Now arguing as in (1), let n − 1 = 3k + j for some j ∈ {0,1,2} and set
m(0) =∏j+1i=2 (ri − (−1)i) if j > 0 and m(0) = 1 if j = 0, we conclude that
mp =
(
m(0)
)
p
k−1∏
i=0
(
m(n−3i)
)
p
<
(
m(0)
)
p
r
∑k−1
i=0 (n−3i+3)
= (m(0))
p
rk(2n−3k+9)/2  rn(n+9)/6. 
Lemma 2.3. Let G be a finite non-abelian simple group of order divisible by a prime p.
If H is a subgroup of Aut(G) such that G < H and p | |H : G|, then H has non-abelian
Sylow p-subgroups.
Proof. For p = 2, this result follows from [3, Corollary 5]. For p odd, it is an immediate
corollary of [4, Theorem B]. 
Lemma 2.4. Let G be one of alternating groups An for n  5 and H be such that G 
H Aut(G). For any Sylow p-subgroup P of H with p | |H |, we have b(G)√p|P |.
Furthermore, if P is abelian, then b(G) |P |.
Proof. By [2], we may assume that n 9.
For Sn, let χ be the irreducible character corresponding to the partition (n − r,1r ) and
ψ be an irreducible constituent of χG . Then
χ(1) = (n− 1)!
r!(n− r − 1)! = C
r
n−1 and ψ(1) χ(1)/2.
Let r = [n/2], that is the maximal integer not exceeding n/2. We first claim that (for
n 9) f (n) := Crn−1  2p(n+p−1)/(2(p−1)) for any prime p | n!.
For even n, we have r = n/2 and f (n) = ((n− 1)!)/((n/2)!(n/2 − 1)!). If p does not
divide (n−2)!, then p = n−1 and the claim is easy to be verified. If n = 10, the conclusion
is also true. Now assume that p divides (n− 2)! and n 12, we have
f (n) = 4(n− 1)(n− 2)
n(n − 2) f (n− 2) =
4(n− 1)
n
f (n − 2)
 4(n− 1)
n
2p(n−2+p−1)/(2(p−1)) (by induction)
 2p(n+p−1)/(2(p−1))
(
since
4(n− 1)
> p1/(p−1)
)
.n
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Since (n!)p < pn/(p−1) by Lemma 2.1(2) and note that Aut(An) = Sn unless n = 6, we
conclude that for n 9,
b(G)ψ(1) χ(1)/2 = (n − 1)!
2r!(n− r − 1)!  p
(n+p−1)/(2(p−1)) >
√
p(n!)p 
√
p|P |.
Suppose that P ∈ Sylp(H) is abelian. Since n 9, we see that p is odd and therefore
we may assume that H = G ∼= An. Note that P is non-abelian for n  p2 and that
|An|p = |Akp|p if 0  n − kp  p − 1. It follows that we may assume G ∼= An, where
n = kp  9 and 1 k  p − 1 (thus p  5). For above ψ(1), let r = k + 1. Note that for
n = kp 9 we have
(n− 1)(n− 2)
2k(k + 1)  p and
n− i
k − i + 2  p for any 3 i  k + 1.
This implies that
b(G)ψ(1) = 1
2
Ck+1n−1 
(n− 1)(n− 2)
2(k + 1)k
k+1∏
i=3
n − i
k − i + 2  p
k = |P |. 
Lemma 2.5. Let G be a finite non-abelian simple group and H be such that G  H 
Aut(G). If P is an abelian Sylow p-subgroup of H , then b(G) |P |.
Proof. By induction, we may assume that H/G is a p-group. Since P is abelian,
Lemma 2.3 yields that either H = G or G is a p′-group.
Suppose that H = G. If G is one of sporadic simple groups, this result is true by [2].
If G is of Lie type, we know by [8] that G has an irreducible character χ with degree of
p-defect zero, and so b(G)  |P | in this case. If G ∼= An, we also have b(G)  |P | by
Lemma 2.4.
Suppose that G is p′-group. If G is one of sporadic simple groups or one of alternating
groups, then the statement is clearly true as |H/G| 4. If G is a simple group of Lie type
over a field of order q , where q is a prime power, let χ be the Steinberg character of G and
we can easily conclude that χ(1) |P | since P is a subgroup of the field automorphism
group of G. 
Lemma 2.6. Let G be one of non-abelian simple groups and P be a Sylow p-subgroup of
Aut(G) for p | |Aut(G)|. Then b(G)√p|P |.
Proof. By [2] and Lemma 2.4, the statement is true for all sporadic simple groups and all
alternating groups. By the classification theorem of finite simple groups, we may assume
that G is one of simple groups of Lie type over a field of order q , where q is a power
of prime r . Let χ be the Steinberg character of simple group G. We shall prove that
χ(1)
√
p|P | unless G ∼= A1(q).
If p = r or p  |G|, for any of the following cases, we can easily conclude that
b(G) χ(1) >
√
p|P |. Therefore, we may always assume that p = r but p | |G|.
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We have |G| = q(q+1)(q−1)d−1 where d = (2, q−1), |Aut(G)| = f q(q+1)(q−1),
and b(G) = q + 1. Since p = r but p | |G|, p divides (q + 1)(q − 1).
Suppose that p | (q + 1) but p  (q − 1). If p | f , then clearly pfp  (q + 1) and hence
p|P | = pfp(q+1)p  (q+1)2 = b(G)2. If p does not divide f , then p|P | = p(q+1)p 
(q + 1)2 = b(G)2.
Suppose that p | (q − 1) but p  (q + 1). We also get that p|P | b(G)2.
Suppose that p | (q + 1, q − 1). Then p = 2 and q = rf is odd. Since 4f2  rf + 1 is
clearly true for odd r , we have 2|P | = 2f2(q + 1)2(q − 1)2  4f2(q + 1)  (q + 1)2 =
b(G)2.
(2) Let G be of type An(q), q = rf , n 2.
Set m = ∏n+1i=2 (qi − 1). Then |G| = d−1qn(n+1)/2m, |Aut(G)| = 2f d|G| = 2f ×
qn(n+1)/2m where d = (n+ 1, q − 1). Clearly, |P | = (2f )pmp  qmp.
Suppose that n = 2. If p | 2f , then p  (2f )p  q and mp = (q3 − 1)p(q2 − 1)p <
q4 and so b(G)2  χ(1)2 = q6  p|P |. If p  2f , it is easy to check that pmp =
p(q3 −1)p(q2 −1)p  q6 as p divides m by the assumption, and so b(G)2  pmp = p|P |.
For n = 3, we have mp = (q4 −1)p(q3 −1)p(q2 −1)p < q7 by Lemma 2.2 and p < q4
as p | m. This yields that b(G)2  χ(1)2 = q12  pqmp  p|P |.
For n 4, since p | m and hence p  qn+1, we have
b(G)2  χ(1)2 = qn(n+1) > q1+(n+1)(n+10)/6+n+1
> q · (m(q − 1))
p
· p (by Lemma 2.2)
 (2f )p · mp · p = p|P |.
(3) Let G be of type Bn(q), n 2, q = rf .
Set m = ∏ni=1(q2i − 1). Then |G| = d−1qn2m, |Aut(G)| = dfg|G|, where d =
(2, q − 1), g = 1 unless n = r = g = 2.
For n = 2,3, it is easy to check that p|P |  χ(1)2  b(G)2. For n  4, since mp <
q2n(2n+9)/6 by Lemma 2.2, we have
p|P | = p(fg)pmp  q2nqmp < q2n+1+(2n)(2n+9)/6 < q2n2 = χ(1)2  b(G)2.
(4) Let G be one of the following types: Cn(q)(n 3), Dn(q)(n 4), 2Dn(q)(n  4).
Arguing as in (2), we conclude that b(G)√p|P |.
(5) Let G be one of the following types: G2(q), F4(q), E6(q), E7(q), E8(q), 3D4(q),
2E6(q). It is easy to obtain our conclusion.
(6) Let G be of type 2An(q), n 2.
Note that if n = 2, then q > 2. Set m =∏n+1i=2 (qi − (−1)i), q = rf , and d = (n + 1,
q + 1). Then |G| = d−1mqn(n+1)/2, |Aut(G)| = 2fmqn(n+1)/2.
Arguing as in (2) and applying Lemma 2.2(2), we have p|P | = p(2f )pmp  χ(1)2 
b(G)2.
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Then |G| = q2(q2 + 1)(q − 1), |Aut(G)| = f |G|. Since p  3 by the assumption and
observe that q + 2k+1 + 1, q − 2k+1 + 1 and (q − 1) are co-prime to each other, we see
that
√
p|P | |P | f (q + 2k+1 + 1) q2  b(G).
(8) Let G be of type 2G2(q), q = 3f , f = 2m + 1  3 (note that if f = 1, then
2G2(3) ∼= L2(8) · 3).
We have |G| = q3(q3 + 1)(q − 1), |Aut(G)| = f |G|. It is easy to check that p|P | =
pfp(q
3 + 1)p(q − 1)p  q6 = χ(1)2  b(G)2.
(9) Let G be of type 2F4(q), q = 2f > 2 or 2F4(2)′.
For q > 2, we have |G| = q12(q6 + 1)(q4 − 1)(q3 + 1)(q − 1), |Aut(G)| = f |G|. It is
easy to check that b(G) χ(1) = q12 √p|P |.
For G ∼=2 F4(2)′, we have |G| = 211 · 33 · 52 · 13 and Aut(G) =2 F4(2). By [2], we have
b(G)
√
p|P |. 
3. Proofs of two theorems
Note that for any subgroup or quotient group H of G, b(H)  b(G). Therefore, by
induction, we may assume that Op(G) = 1 and Φ(G) = 1.
Suppose first that all minimal normal subgroups of G are solvable. Let F be the
Fitting subgroup of G. Since Φ(G) = Op(G) = 1, we see that G = F : A is a semi-
direct product of the abelian p′-group F and the group A which is isomorphic to G/F .
Clearly, CG(F) = CA(F) × F and CA(F)  G. The assumption in this case implies
that CG(F) = F . Let us investigate the subgroup H = PF . Since Op(H) centralizes
the abelian p′-group F and hence Op(H)  CG(F) = F , it follows that Op(H) = 1.
Therefore, we may assume by induction that G = H = PF . Observe that G = PF is
solvable and P acts faithfully on the abelian p′-group F . It follows by [6, Theorem A], that
there exists some linear λ ∈ Irr(F ) such that |CP (λ)| < √|P | and so that b(G) > √|P |. If
in addition P is abelian, it is well known that there is some λ ∈ Irr(F ) such that CP (λ) = 1
and hence b(G) |P |. Therefore, our theorems hold in this case.
Now suppose that G has a non-solvable minimal normal subgroup V . Set V = V1 ×
· · · × Vk where Vi ’s are isomorphic non-abelian simple groups. Let us investigate the
subgroup H = P(V ×CG(V )). Arguing as in the above paragraph, we see that Op(H) = 1,
and therefore we may assume by induction that H = G, i.e., G/(V × CG(V )) is a p-
group. Set |CG(V )|p = pa , |G/CG(V )|p = pb . Clearly Op(CG(V )) = 1. This implies by
induction that there exists ψ ∈ Irr(CG(V )) such that
ψ(1) > pa/2 and ψ(1) pa for the case when P is abelian.
Let χi ∈ Irr(Vi) such that χi(1) = b(Vi) and set χ = χ1 × · · · × χk . Clearly χ ∈ Irr(V )
and χ(1) = χ1(1)k . Note that G/(V × CG(V ))  Out(V ), |Out(V )| = k!|Out(V1)|k , and
(k!)p < pk . This implies that
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∣∣G : V × CG(V )∣∣|V |p  (k!)p(∣∣Aut(V1)∣∣p)k < pk(
∣∣Aut(V1)∣∣p)k.
By Lemma 2.6, χ1(1)
√
p|Aut(V1)|p . Therefore,
χ(1) = χ1(1)k 
(
p
∣∣Aut(V1)∣∣p)k/2 > pb/2.
Note that χ × ψ is an irreducible character of V × CG(V ). It follows that
b(G) b
(
V × CG(V )
)
 χ(1)ψ(1) > pb/2pa/2 =√|P |,
and Theorem 1.1 holds.
Suppose that P ∈ Sylp(G) is abelian. Since G/(V × CG(V )) is a p-group, NG(Vi)
CG(Vi) × Vi  V × CG(V )  G′. This implies that both NG(Vi),CG(Vi) × Vi , and
V × CG(V ) are normal in G. Note that G/NG(V1) acts faithfully and transitively on the
set {V1, . . . , Vk}, it follows that |G/NG(V1)| = k and
A := NG(V1) = · · · = NG(Vk), V × CG(V ) = CG(V1) × V1 = · · · = CG(Vk) × Vk.
Then
|P | = pa + pb, pa = ∣∣CG(V )∣∣p, pb = |G : A|
∣∣A : V × CG(V )∣∣|V |p.
By Lemma 2.5, χ1(1) |NG(V1) : CG(V1)|p|V1|p  |A : V × CG(V )||V1|p. Hence
χ(1) = χ1(1)k 
∣∣A : V × CG(V )∣∣k|V |p  k∣∣A : V × CG(V )∣∣|V |p = pb.
It implies that
b(G) b
(
V × CG(V )
)
 χ(1)ψ(1) > pbpa = |P |,
and Theorem 1.2 holds.
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